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I present a topological defect solution that arises in a theory where Lorentz symmetry is sponta-
neously broken by a rank-two antisymmetric tensor field, and I discuss its observational signatures.
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Lorentz symmetry has been one of the cornerstones of
physics for over a century. The possibility that this sym-
metry is approximate rather than exact is an exciting
prospect for the detection of physics beyond the Stan-
dard Model, and has been the focus of many experimen-
tal searches (see Ref. [1] and references therein.) Such
symmetry breaking also arises in many theoretical mod-
els of current interest, including string theory [2] and
non-commutative geometry [3].
A large class of theoretical models in which Lorentz
symmetry is broken involve a field which spontaneously
breaks this symmetry [2, 4–6]. In such models, a vector or
tensor field is postulated to have a potential energy which
is minimized (and vanishes) at some field value other than
zero. This behaviour is closely analogous to that of the
Higgs field in the Standard Model. However, unlike the
(scalar) Higgs field, a tensor field with a non-zero expec-
tation value will provide a preferred geometric structure
to Minkowski spacetime, and the vacuum solution will
not have the full symmetry of the Lorentz group. Direct
couplings between such a “Lorentz-violating” field and
conventional matter fields will then affect the dynamics
of conventional matter, just as direct Yukawa couplings
between the Higgs field and fermion fields in the Stan-
dard Model give mass to the fermion fields [7].
An important class of solutions that arise in theories
with a spontaneously broken symmetry are topological
defects. These solutions arise when the vacuum mani-
fold of a symmetry-breaking field (i.e., the set of field
values which minimize the symmetry-breaking potential)
has certain non-trivial topological properties. There can
then arise “domain wall,” “cosmic string,” or “monopole”
solutions (respectively) to the equations of motion; on
large scales, these solutions effectively have two, one, and
zero spatial dimensions. In theories in which topological
defect solutions are allowed, they will generically arise
during phase transitions in the early Universe, via the
Kibble mechanism [8]. Since isolated defects are stable,
it is possible that such relics still exist in the Universe
today. The presence of topological defects can also have
important implications for cosmology, including inflation
[9] and structure formation [10].
The purpose of this letter is to show that topologi-
cal defect solutions can arise in theories with a tensor
field that breaks Lorentz symmetry. Such solutions have
not previously been described in theories where the sym-
metry broken is Lorentz symmetry. We will derive an
explicit example of such a solution, and discuss some of
its phenomenological properties.
Our theory contains an antisymmetric two-tensor field
(also known as a notoph field [11] or Kalb-Ramond field
[12]) which takes on a background expectation value [6].
Its action is of the form
SB =
∫
d4x
(
−1
6
F abcFabc − λ
2
(BabBab − b2)2
)
, (1)
where Bab is an antisymmetric tensor field and Fabc =
3∂[aBbc] is its associated field strength [22]. The equa-
tions of motion derived from this action are
∂cFcab − 2λ(BcdBcd − b2)Bab = 0. (2)
Our first task is to show that the vacuum manifold
of this theory has the correct topology. For a localized
topological defect solution to exist in three spatial di-
mensions, the vacuum manifold must either be discon-
nected, contain a non-contractible loop, or contain a
non-contractible two-sphere; mathematically, it is neces-
sary that one of the vacuum manifold’s homotopy groups
pi0(Mvac), pi1(Mvac), or pi2(Mvac) be non-trivial. From
(2), we can see that any constant field Bab such that
BabB
ab = b2 is a solution of the equation of motion. In
terms of Cartesian coordinate components, this condition
is
− 2
∑
i
(B0i)
2 + 2
∑
i<j
(Bij)
2 = b2, (3)
where the summations run over spatial indices (i.e.,
{i, j} = 1, 2, 3.) This condition defines a five-dimensional
submanifold of the six-dimensional field space of Bab.
This submanifold is homeomorphic to S2 × R3: for any
choice of the three components B0i, the three compo-
nents Bij are constrained to lie on a sphere whose radius
squared is 12b
2 + B0iB0
i. Thus, the topology of the vac-
uum manifold allows for a monopole solution, since it
contains a non-contractible two-sphere (i.e., pi2(Mvac) =
Z.)
These topological conditions on the vacuum manifold
are necessary but not sufficient for the existence of a
monopole solution; we must still find a solution of the
equations of motion valid throughout space. If such so-
lutions exist in this theory, we expect the simplest ones to
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2be static and spherically symmetric. In standard spher-
ical coordinates, the most general antisymmetric two-
tensor with this property can be written in terms of two
functions of r:
Btr = −Brt = f(r), Bθφ = −Bφθ = g(r)r2 sin θ. (4)
In terms of this ansatz, the equation of motion (2) has
two non-vanishing components, telling us that
− 2λ(−2f2 + 2g2 − b2)f = 0 (5a)
and
∂
∂r
(
∂g
∂r
+
2
r
g
)
− 2λ(−2f2 + 2g2 − b2)g = 0. (5b)
From the first of these equations (5a), we see that ei-
ther f must vanish or Bab must be in its vacuum mani-
fold throughout spacetime. Since we only want our field
to approach the vacuum manifold asymptotically, we set
f = 0. Defining r˜ and g˜ such that g = bg˜/
√
2 and
r = r˜/(
√
2λb), the second equation (5b) becomes
∂
∂r˜
(
∂g˜
∂r˜
+
2
r˜
g˜
)
− (g˜2 − 1)g˜ = 0. (6)
This equation is identical (up to rescaling) to that
obeyed by topological defects arising in a theory con-
taining a triplet of Lorentz scalars with a spontaneously
broken global O(3) symmetry [13], for which a solution
with g(0) = 0 and g(r)→ b/√2 as r →∞ is known to ex-
ist. No closed-form expression for this solution is known,
although series techniques [14] or numerical integration
[15] can be used to approximate it. Asymptotically, the
solution can be shown to obey
g˜(r˜) = 1− 1
2r˜2
− 3
2r˜4
+ . . . . (7)
In the absence of any direct coupling between Bab and
conventional matter fields, the principal method of de-
tection of these monopoles will be gravitational, via the
coupling of their stress-energy to the metric. The stress-
energy of the field Bab in a flat background is
Tab = FacdFb
cd − 1
6
ηabFcdeF
cde
− λ
2
ηab(B
2 − b2)2 + 4λ(B2 − b2)BacBbc, (8)
where B2 ≡ BabBab.
While the field profile of our tensor monopole is identi-
cal to that of the O(3) scalar monopole (as noted above),
their respective stress-energies differ in two important
respects. First, since the kinetic term for Bab in the ac-
tion (1) is not simply of a “gradient-squared” form, the
kinetic terms in the stress-energy tensor will differ from
the analogous terms in the scalar monopole stress-energy.
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FIG. 1: Densities and pressures of the antisymmetric tensor
monopole and the O(3) scalar monopole. Overall scaling for
the O(3) stress-energy is chosen so that the asymptotic fall-off
of ρ is the same in both solutions.
Second, the last term in Equation (8) has no analogue
in the scalar case. It arises from the differentiation of
the potential V (B2) with respect to the metric, since the
“square” of a tensor field (unlike that of a scalar) depends
on the metric.
The components of the stress-energy for our tensor
monopole are compared to those of the O(3) scalar
monopole in Figure 1. Notably, while the radial and
tangential pressures of the O(3) monopole are negative,
those of our tensor monopole are positive; this difference
is primarily due to the differences between the kinetic
terms of the two theories. In flat spacetime, the leading-
order asymptotic behaviour of the energy density ρ, the
radial pressure Pr, and the tangential pressure Pθ can be
shown to be
ρ ≈ Pr ≈ 4λb
4
r˜2
, Pθ ≈ λb
4
r˜4
. (9)
To see the gravitational effects of our solution, we pro-
mote the metric gab to a dynamical field. Assuming
spherical symmetry and staticity, we can write our line
element as
ds2 = −M2(r)dt2+N2(r)dr2+r2(dθ2+sin2 θdφ2). (10)
The independent components of the Einstein equation
are then equivalent to
2
r
N ′
N
+
1
r2
(N2 − 1)
=

2b2
((
g′ +
2
r
g
)2
+
λ
2
N2(2g2 − b2)2
)
(11a)
3and
2
r
M ′
M
− 1
r2
(N2 − 1)
=

2b2
((
g′ +
2
r
g
)2
− λ
2
N2(2g2 − b2)2
)
, (11b)
where primes denote differentiation with respect to r and
 ≡ 16piGb2. Meanwhile, the field equation of motion
becomes
N
M
∂
∂r
(
M
N
(
g′ +
2
r
g
))
− 2λN2(2g2 − b2)g = 0 (12)
While this system of equations is non-linear and rather
intractable, in the context of gravitational fields we are
most interested in the far-field effects. A useful approx-
imation for investigating this regime in monopole solu-
tions (though one that must be used with some care in
this case [16]) is the BPS limit [17, 18]. In this limit, we
take λ → 0 and look for solutions of the Einstein equa-
tion (11) where the field takes on its asymptotic value
g = b/
√
2 everywhere. In this limit, the equations (11)
have the exact solution
M2(r) = C2
r˜1+ + C1
r˜1−
(13)
N2(r) = (1 + )
r˜1+
r˜1+ + C1
, (14)
where C1 and C2 are constants of integration, the latter
of which can be set to unity via rescaling of t.
As noted above, the field profiles of our antisymmet-
ric tensor monopoles and those of global O(3) monopoles
are quite similar; however, their gravitational fields have
important qualitative differences. Both cases share the
same asymptotic spatial geometry: for both, the slices of
constant t are simply flat space with a spherical deficit
angle. However, unlike the scalar monopole case, the
component gtt in our solution grows without bound as
r → ∞: from (13), we see that M(r) ∝ r. This ex-
ceedingly slow divergence is due to the slow fall-off of
the stress-energy components, specifically the combina-
tion ρ+Pr+2Pθ [23]. Such a power-law divergence might
indicate that the solution for an isolated monopole is fun-
damentally non-static; this would be analogous to anti-
de Sitter space written in spherical coordinates, where
gtt ∝ r2 asymptotically. In a more physically realistic
situation, we only expect this solution to be valid out
to some finite radius, where the effects of larger struc-
ture (on galactic or cosmic scales) take over. Since we
expect to have   1, the far-field geometry should be
sufficiently flat that we can “patch” our solution into one
describing the appropriate larger-scale structure.
The effects of this geometry on test particles, specif-
ically test photons, would be the primary method by
which these monopoles could be directly detected. Two
main effects on photons can be envisioned: gravitational
redshift and the bending of light rays. The first of these
can be shown to be minimal: if our mass scale b is well
below the Planck scale, the fractional gravitational red-
shift experienced by a photon in this background will be
within no more than two orders of magnitude of  [16].
Such effects will thus be negligible.
A more interesting effect arises in the deflection of light
rays in this background. Using standard techniques, we
can calculate that to leading order a light ray propagating
in this background will be deflected by an angle [16]
δφ ≈ 3pi
2
. (15)
Note that at this order, the deflection angle is indepen-
dent of the “apparent impact parameter.” Rather, with
respect to light bending, the spacetime behaves as though
it has a spherical deficit angle of 32. If a monopole were
perfectly aligned between an observer and a point source,
the observer would see this point source as a ring with
angular diameter δφ × l/(d + l), where d is the distance
from the observer to the monopole and l the distance
from the monopole to the source. A monopole slightly
off of the line of sight (but still sufficiently close to it)
would give rise to two images on the sky at this same
angular separation.
From this point of view, the signature of an antisym-
metric tensor monopole is effectively the same as that of a
global O(3) monopole: both give rise to apparent spher-
ical deficit angles, albeit with differing dependence on
their respective mass scales. Any lensing-derived bounds
placed on the current cosmological abundance of global
O(3) monopoles will thus have a bearing on the abun-
dance of our tensor monopoles as well, and vice versa.
I am unaware of any direct observational searches
specifically targeted at this type of gravitational lensing.
However, a search for angular deficits arising from cos-
mic strings, using images obtained as part of the Great
Observatories Origins Deep Survey, was recently per-
formed [19]. This search looked for morphologically sim-
ilar galaxies correlated on opposite sides of a line on the
sky. Similar techniques could be used to search for global
monopoles; in this case the doubled images would be cor-
related inside and outside of a circle on the sky rather
than on opposite sides of a line. While such structures
are expected to be rare (see below), a search for double
images of distant galaxies would yield important infor-
mation; even if no monopoles were detected, one could
in principle use a null result from such a search to bound
the mass scale b associated with our tensor field.
Other bounds on the abundance of O(3) monopoles
have also been derived [20, 21]. While such bounds are
likely adaptable to the present case, it is important to
emphasize that they are not immediately applicable in
the same way that gravitational lensing bounds would
be. The main reason for this difference is that the
4stress-energy (and thus the far-field metric) of our ten-
sor monopole has important qualitative differences from
that of the O(3) monopole; in particular, the combina-
tion ρ+Pr+2Pθ falls off as r
−2 for our tensor monopole,
but as r−4 (due to cancellation of the r−2 dependence)
for the O(3) scalar monopole.
A final question is what the expected monopole den-
sity in the current Universe should be. While the Kib-
ble mechanism predicts that one monopole per Hubble
volume (to within an order of magnitude) should form
during a phase transition in the early Universe, the sub-
sequent field dynamics might cause monopoles and an-
timonopoles to recombine in the subsequent cosmolog-
ical evolution. Many of the arguments and counter-
arguments concerning the recombination of global O(3)
scalar monopoles [13] would seem to apply here. As in the
scalar monopole case, a definitive answer to this question
is likely to require computational simulation.
Such simulations of scalar monopoles [21] have found
that the density of such structures remains at approx-
imately four monopoles per Hubble volume throughout
both the radiation- and matter-dominated eras. How-
ever, the above noted differences between the gravita-
tional fields of scalar monopoles and tensor monopoles
might cause recombination to proceed quite differently
in the tensor case. While it still seems plausible that the
results from scalar monopole simulations would hold for
our model as well (up to an order of magnitude), such a
statement should be regarded only as a conjecture.
If such a monopole were to be detected, it would obvi-
ously be of great import to physics. Such an observation
would represent both the first field observed (other than
the metric) that is not described by the Standard Model,
and the first field observed to break Lorentz symmetry.
As such, observation of a topological defect of this type
would provide invaluable insight into the roles played by
fundamental symmetries in physics.
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